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BoundaW-lay%rmomentumeqw.tions forthe*hree-3imen~ionalflow
ofa fluidwithvariabledmsi@ andviscosityarepresentedina
tom shnilartothemomentumequationfortwe-dimmionali’low.The
momentumeqt~.ationsca bereduoedtothefmms,ofthethree-
Mmensl,otilmnentumequationsthat@ve been@venrecentlyby
Prandtlfora fluidwithconstantdensityandviscosity.Whenthe
flowbeomestw-dintemional$themomentumequation’firstgivenby “
‘VOrlK63md?lremitss ForflowIna cmvprgentordivergentchannel
theequationsreducetotheequationspreviouslygivenbyA.Kehl
fora fluidwithoonstantdensityandviscosity.
INTRODUCTION
Pkmen+i!ytherehasbeenapawakening
oftWee-diuensionaJ.boundary-layerflow;
ofinterestintheprobla.u
thatis,flowwherethe
velooityandstaticpressureoutside the b@-fW MYer SJXIfun~tions
oftwoindependentvariables,Intheusua3.twe+limensionalbounm-
layerthecxqforflowoverslightlycurvedsurfaces,oroverbodies
‘ofrevolutionthevelooityendstatiopressureoutsidetheboundary
layerarefunctionsofonlyoneindependentvariable~
A easeofthree-dimensionalbowdary-layerflowthatisOf
particularinterest,at-psesentist~eflowoversweptbackwiws for
whiohtheouter flowvelocityandpressuregradienthavea ocmponent
in;thedirectionfthechordqnda componenta rightanglestothe
ohordandb theUrection”ofthespan. ,:+” .
..., ,,.
Exceptfora.pape~by%m.ndtl’(reference1)‘thatreobntly -
becameavaULablejnoliteratureconernedwiththetheoreticalaspeot*
oftheproblemisknown.Aftergivinga,$om ottheboundaqy-l~er“
. mommrhmeauationforthethree-dimensionalflowofan5nacmpressible
*
fluidwith‘constanttiscosi~, Prand$ldtscmssesa progremb-reedon
themmentumeq.m.ti.on.Theprogmmhasasitsgoalthefomnilation&
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2amethod
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forucmputingtheoharaoteristiosoflaminarboundarylayers
dimensionsthatM similar’to“thePohlhausenmethodfor
+
tw+enaioual flow(reference2)anda,methodfordeterminingthe
characteristicsofturbulcmt.boundarylayerwthatisbasedon
experimentald ta. ,.
. .. , ..
TheccaqmtingmethodsforbothUrminarand.tutiulentboundary
layersintlu’ee-diniensionsshoul~beabletousea boundag-layer
momentumequationintheseinemannerthatapproximatemethodsfor
oomputi~lcminarandturb~lentlmundary-layercharacteristicEjin
two-dimensionalflow(refeimnce2,3,andk)tiethevonK6man
mcmentumequation(reference5). Themomentumequation,inaddition
toewvinGasa basisforapprmc$matemothodsjshouldalsos~est
parameterstobeconstructedfmh.expbrimemtald tafor*es- .
dimensionalboundary-l~er.flows. . . .. .
Because.o~theintereiitintheboundazy-layer~oblemforthree-
dimensj.onalflowatlargeas”wellasatsmallNach.numbers,it ,
seemedesirabletopreeenta boundary-l~er
threedimensionsfora fluidhavingvariable
ina.fozmwal.agoustothemomentum6quation
P!
t
P
X,y>z
6
.. .
SYMBOLS
,.
density
.coefftcientofviscosity‘
time
mcmemtumequationin
densityandvi~cosity
to~two-dimensio~lflow.
.
,.
threemutuallyperpendicularcoordfnates$Cartesian.
system . .
,,
ncmitilWxl.bkness:’ofboundary.layer ,.
. .
,.
unitvectorsalongx-$y-,andz-exes~resjeOtively
componentsinthedlreatloneofx->y-jandz+xes3
respectl.ve~)ofvel~ityinstdeboundarylayer* ?
resultantvelouityvector(?u+ ~v+ ‘W) ,
a
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acmponentsindireotim of x- andy-axm, respestivdy,
of velooity at outer edge of bounda~layer
resultantvelooi~inside boundaqylayer
resultambvelocityat edgeof boundarylayer
densityatedgeofbounda~
boundary-layerdisplacement
kpr
tbidmessccmposedofvelooity
boundary-layerIaomentannthiclmess caposed ofVebOi@
.,
“ (JkW’+
ocmponentsin x+direction
boundaq?-layerMsplammenttblctiessocqosedofvelooity
componentsin y-Mreotlon(J.:(%%)+
.
boundary-layermomentumthiffknessocmposedofvelqci
- (~;%(+.)oomponentsin y+iration
. .
J(
8
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J(s J?L l_o Pm
,
anglebetweerid reotionfprojectionx-yplaneof
resu+tan%velooityinsidebounf@~@yerandx-axis
.,.,,.,
— — -—
.,. .
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‘% anglebetween;direotidnofprojec~ion x-y.plaeof
resultantvezoolty“atouteredgeofboundarylayerand
X+EdJ3
boundary-1.syermcmnentumthicknessfor a independentof z
3=$,
,.
‘o resultants~faceshearact5.ngonfluid
....
c
T= , component“in%-directionofsurfaceshearactingonfluid
Toy componentinWdirectionofsurfaceshearacti~onfluid
.
a distancemeasuredalongdirectionfflowincasesof
two-dimensionalflow
r radialdistancefromorigin,alwayspositive(@v’)
‘o lengthofdiffusermeasuredfromficti’tiousintersection
ofstreamlines &
.’.
ho cimstan$.,greatevtti’al.lvaluesof”rl, for flow in
convergingchemnel w
P~t stagnationpressure,incompressibleflow
I’#LCA21F.NcYi”1479:.‘:
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h oonstantlength
areequalto
Subscripts:
,.. , ,.greater:&ad‘%;&iantities“wit?iWbsaipt h
quantitieswit~subsoript5
. . ... ..
.,
0 at surfsoe of plate .,
1 g.mrrtittesforflowinoonver@ngchannel
. . .
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Boundazy-LayerMcmentmEquationsfor Z&e&“’”” imsl “Flow
w fundsmenta~equations-”off~6w(re$erence6)arethe
equationofcontinuitywhhh maybewrittenas
.,
ad the equationof~%i~ ofa fluidtith-variable,densi~@
vlsoositywhiahmaybewrittenaseither
Orjbyusingthevectoridenti~
=- +--
as
. . . .
~.. .
. .
., ,“.
(3)
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2( J=*
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andhencetheequationofoon~inwl.tyb@ggme$,,.
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andwe.aaaqleraticmvectorbebomes .
Tn.the
M”the
..“
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(4)
reotanguhrsystemofccopM.n.~tesshorninfigure1 andused
subsequentanalysi~,‘theaucezerdionveatoris:
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v(v”~)= ( )( )~~+fi+~+@L+&+a%. . .&-2 && adz ayax ay~ ayi%
( , ),*F &+’w’v_a%azac ay?h “iz . .
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?3yuseoftheforegoing
lllOtiOllbeocane:
Alongthex-axis:
,.,
relatiomthec6mponen%softhe equationof
,
Alongthey-axis:
.
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In &cmmonti.th theboundazy--layerth oryFortw~u?neioti~ -““’
flow(reference’7) theq.wxti.ties u, v, x, y are assuuedto betof::
theorderunity,thequantities w and z. of the order 5 whjme-5
is sma~, and V/O of theorderof 52.,Itisalsoass~edt~ati.-.;~ ~
theradii of curvatureoftheplate~d of.me ~t~~i~s in~?. :
. direction“dfthez-axisarelargecomparedWiththethicknessQf’the~
bounda~,layer.” rb ,. .
,..
‘Xl@,whenallqnamtitiesoftheorder’of 8 totieEtrstor.”‘“”
higherpowersarene@ected3theequationsotmotion,equations(5~j<6)A
snd(7}, remekivas,become:
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,,Alongthex-axis:
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M-OIWthe y4xis:
t
. .
*
,
,
.,, .
AMpg thez-axis: ,.
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Ii,it isnowaesiizedthat thej%odyfomes arenegli@bld:.c-6tlwLth‘thepisssure*
viscousfomesinequations(8)andt.9]endthat,.t~b~ l?oneineguat~on(10]prothyesa 5
negligiblestatt~prefieureWeMentWrOSS.tl.b.pm@.nl.ere~;..liw??Wations(8]~ (~)~
snd(10)Imccmetheb~-leger “eguatlons:~ch:~re:, ,. ..;
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Ax&gthey-ala; .“.
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If It IS ELSSWBd-t W ~SOOUB stressesme m@.lgibl.aoutaititheboundarylayer,-
S@ thefoil.OWWJnotations
‘,
l
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J(. )8-, 5X;:= 1 pub-—P6U6,- o
.
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are In’croducedsequation (13) WYbewrittenast
wheretheccmponent$alongthe x-axis,of th equationofmotion
J forinvimidflowwithXJ=()
a!
1
,
hs beenus6doulmid.etheboundWylayer.
If it i.s againawwmed.that the viscous Mn?emesaxo negligible
outside the boundarylayer, andthe notatiom
‘rOy ()ax‘wow o I
are in+.moduced$equation(14)mqy be writtenas: h
-.
t > . ,
~ >
/
. .
)
wheratheccmponent,alongW y-aXi6,oftieequationfmotionforMsoid flm
w+.+
M beenueedouiiaMetheboumlezyleyer.
I
.,.
.
.
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Reductionof theEquations(13)and(14)tothe
EquationsGivenbyEmxiLtl(Referenoe1)
T& equations(13)md (14)canbeXWlucedtothemcme.ntumequationsgivenby2ranMl
(md%m.awe1)bylmMngcerW1.n@mtituMons.The.l%’MlSubEtibJtionstoc- the
upperMnltoftheintigmls- 8 to,h? wknreh isa courkrt len@h eve~here
greeterthan,6,byusing
Fq@rtlon(13)thenbemmes
.
,(13c)
Whentieccmponent,alongthex-axis,ofthesqwtionofmotionforintiscldflow
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Inordertoobtainequation (2?)of reference 1, theassumption
ofoonstmtdensityandvj.eoosi%jismadeinequation(lsd)and
. ..
%euauseBern&.Uiss equation
.
is usedfor%116flowfor z > 3.
expressedin,thefozm
(u,.+.8,)
Equat$m(ljd)
,.
.
—
.
—
.’.
&l
u =’0 for z>5,or d-
* 8X
thenequation(13g)becomes
whichisequaMQn”(2),ofreference1.
.
canthenbe
1
.process equation (14) canbereduced*CJthe
for the y-direotiongivenbyJ?randtL
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It$sofinteresttoshowthatequatiom(1-sb)and(lhb)
reducetotheWaensional momentumequationwhenWe flow
beoomesessentiallytwoMmonsional..Forthisre$wtion,the
definitio~for ~m~ em> ew~ eW~ “5X*md. ?$’ axewritten
asfollows: ,,
—
-— —
where (seefig.2)
u .Voooa
T =Vslna
or
IhamIuOhas v~ =v~ t3hCta u~ =~~G08 a, T= =To GOS aa and if a ii,madeindepeUdmt
of x and y as Well ,aa of 2, it foil.owthat:
1
, ,
r,,
.1 ‘, ,.
1, I ,,
,.
I
I
l b
l ,
l
mm that
5nathdefore
(15)
E@Mon (15)is the bounkq-lapr mxnentm equctkl.onfortwodmwk.onal w&?essible flow
(refereme4). Bytiessmemeticd.itcanbe shown that equaticm (lhb) also”reduoesto
equation{15)whentheflowistwoW.wnaiansl..
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I?eduotionof Equations(13b) and (lhb) ‘to the Boundary- ,“
LayerMmnentumEquationforRadialFlow
.—
Whentheflowovera flat or sligMJ.yaurvedplateiBsuch
thstallthevelocityvectorspointawayr- a ccmmonline
perpendicularto theplate,the flow is calledradialflow outward
fromthe cmigin. When all the velooj.tyveotorspointtowarda
oommm 13neperpendicularto the p.late,theflow is calledradialflow
inwardtothe ofigin. For suchf~ows~emxnentumequations(lsb)
and(141)z’educetoa.simjjl.ef’onn.
Inordertoobtaintheboupdayy-layermomentumequationfor
radialflowsthex-axisi.stakenal.opgoneoftheradialinesand
they-exisistake~at@.@rtan@eatoit(fig.3). Equation(13b)
or(lkb]iguf3eatogether with..
#
V5=Va sina
In this case a
Whenthesere,latiom
derivativesbecome:
xcosa=-
r
ha=oos a
3y--7=
3$!..wL..cf’r
aretwedJtheexpressionsforthevelooity
1
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Substitutingtiesempresalonsin~-gquattomg(Ljb)or(l&b)~d
collecting termsresultsin ‘
,.
. .
with r >03 wheredr and...V8 a~’epositiveinthe
{16)
direotionaway
frcmi the.origin.Equvtion”(16~istheboundaqy-l~ermcmentwn
eqmtionforradialflow.f!
Whentheflowisratialandinto,theori&insitissometimes
moreoonvenienttowritethemomentumequationina forminwhich
thevelocityisconsideredpositivewhen~reotedtowardthoorigin
.,
andtnwhichtheradialdW&noe increasesina ?xM.tivesense
toward theoii@n. Thtsfomamay.beobtainedhy”makh.gthe
inlllstitutions
..
,.
.. .
.
.-
.“. .
’70= ‘T~1:
.-
.. r.= r. ~ rl,
,’ . . .
,,
. .$.: .
. . .
.—
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inequation(16).Theresultisthen,’~“
.-
where r. > qc
.!
Comparisonwith”KehltsEquationsforFLOWSin
Converging,andaDivergingChannels
Itmaybenotedthatequatioa(16)loalsothe.m.cm.mntm
equationfortheboundarylayeronthepartofthewallofa two-
dimensionaldivergingohanneloverwhichthei’lowisradial,
Equation(16)iethusapplicabletothoflowsh6wninfigure4
whentheoriginoftheuooxdinatesydemof’figure3 3splaced
atthe~ointwherethe’radiaX@dtrectedstreamlinesoffigure4
wouldinter~ectifprojected.Inordertoobtaintheequation
givenbyKehl.(refe>en~e8),itis
oonstantandthatthedistancer
line(fig.4), Equation(16)then
.,
(
du~
=+e Q.Q”._
dx Ufi,dx
,.
asfnmwdthat &e dom”j,tyis
ismeasuredalongthecenter
becomes
1
whichistheequationgiven bykqhlfortheflowina
divergingohannel.
.
.
,.
<
two-dimensional
Simikr3y,equation(17)isalsothemomentwmequationforthe
bounda~J&yeronthepartofa wallofa ?Jwc+dimeqsionalocmverging
ohanndover whiohtheflowisradial.Theflowshowninfigure~ —
lnaybethendescrihedbyequation(17)withtheuseofthecoordinates
r. and rl$ asshowninfigure~ . Ifit5.sassumedthatthe
densityisoonstantandifthedis%noerl i~measuredalongthe
centerlinesequation(17)beocmyw
.
.c
.
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Three-dime@onalbotmd&v-layermbmenttiecwa%io&”for-5 . ‘-
fluidwithvariabledensityandvi~oosi@are~~bemted.in.a ~ozm
similartothemomentumequationfortwc+dimenslonalflow.The
momentumeqqations can be reduoed.totheformsofthethree-
dimensimalmomenta,e~uationsthathavebeen@venrecentlyby “‘.
Pra.ndtl-f’ora fluidti-th’oonstant.de sityandvi’soosity.When,the
flow~eo~estwodimensionalthemomentumeqpattanfirstgivenby
vonKarmanresults.Forflowiga convergentordivergentchanqel
the,equationsre~uc:e$dtheequationspreviouslygivenby“A,Kehl .
‘fora fluidwithoonstantdensi.t$andviscosity.
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Figurel.-Coordinatesystem.
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Figure 2.-Velocitycomponents.
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Figure3.-Coordinatesystemforradialflow.
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Figure4.-Coordinatesystemforflowina divergingchannel.
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Figure 5.- Coordinate system for flow in a oonverglngchannel.
